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, $\kappa$ . $(Y, \leq)$ , (i), (ii),
(iii) , (a vector lattice, a Riesz space)
$1_{:}$
$x,$ $y,$ $z\in Y$ ,
(i) $x\leq y$ , $X+Z\leq y+z$ ,
(ii) $x\leq y$ , $r\geq 0(r\in \mathbb{R})$ $rx\leq ry$ ,
(iii) 2 $x,$ $y$ , $x\vee y$ $x\wedge y$ .
$Y$ $y$ , $|y|=y\vee(-y)$ . , $A\subset Y$
$|y|\leq|x|,$ $x\in A,$ $y\in Y\Rightarrow y\in A$ ’ , $A$ $F$ solid
. $Y$ $($ a topological vector lattice,
a topological Riesz space) , $Y$ locally solid
( , $Y$ solid ) .
‘locally solid’ , $\vee,$ $\wedge:Y\cross Yarrow Y$
. (a normed lattice) , (iv)
.
(iv) $|x|\leq|y|$ , $\Vert x\Vert\leq\Vert y\Vert$ .
, , (a Banach lattice)
. , , $l_{p},$ $l_{p}(\kappa),$ $L_{p}([0,1]),$ $(1\leq$
$p\leq\infty),$ $c_{0},$ $c$ , . ,
$Z$ , $Z$ $s$ , $\epsilon>0$ $\{z\in Z:|s(z)|\geq\in\}$
$s$ sup-norm $C_{0}(Z)$
. , $Z$ $\kappa$ $C_{0}(Z)$ $c_{0}(\kappa)$
, $c_{0}(\omega)=c_{0}$ .
1 $Y$ (i), (ii) , $S=\{y\in Y:y\geq 0\}$
, an ordered topological vector space .
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1.1. $X$ . $f:Xarrow \mathbb{R}$ (lower
semi-continuous) , $r\in \mathbb{R}$ $\{x :f(x)\leq r\}$
( $\{x$ : $f(x)>r\}$ ) . , $f$ : $Xarrow \mathbb{R}$
(upper semi-continuous) , $r\in \mathbb{R}$ $\{x :f(x)\geq r\}$
( $\{x$ : $f(x)<r\}$ ) .
1.2 (Kat\v{e}tov-Tong Insertion $Theorem^{2}$ ; Kat\v{e}tov [5], Tong [9]).
$X$ , $h$ : $Xarrow \mathbb{R}$
$g$ : $Xarrow \mathbb{R}$ $g\leq h$ $f$ : $Xarrow \mathbb{R}$
$g\leq f\leq h$ .




1.1 $\mathbb{R}$ ’ ‘ $C_{0}(Z)$ ’ ,
$f$ : $Xarrow C_{0}(Z)$ , ‘ ’ ‘ (Co $(Z)$
)’ .
, $f$ : $Xarrow Y$ (resp. ) $y\in C_{0}(Z)$
$\{x :f(x)\leq y\}$ (resp. $\{x$ : $f(x)\geq y\}$ )
, $f$ : $Xarrow C_{0}(Z)$
. , $f$ : $Xarrow Y$ (resp. )
$y\in C_{0}(Z)$ $\{x :f(x)>y\}$ (resp. $\{x$ : $f(x)<y\}$ )
, ( ) $f$ : $Xarrow C_{0}(Z)$
. , $Y$ $f$ : $Xarrow Y$
, 1.1
, ( ,
$Y$ $Y$ ), $f$ : $Xarrow Y$




, Duality Theorem ( ) Insertion
Theorem( ) .
$2X$ H. Hahn (1917), J. Dieudonn\’e
(1944) , ‘Hahn-Dieudonn\’e-Tong Insertion Theorem’
.
3R.L.Blair-M.A.Swardson $($ 1987), Y.Liu-M.Luo $($ 1992 $)$ , F.van Gool $($ 1992), D.Zhang
(1997), Z.Yang (2003), J.G.Garc\’ia-T.Kubiak-M.A.de P.Vicente (2006) .
4
$[$4 $]$ , $f$ : $Xarrow C_{0}(Z)$ , $($ ) 2. 1
(5) .
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$(Y, \leq)$ , $K\subset Y,$ $a,$ $b\in Y,$ $S=\{y\in Y:y\geq 0\}$ .
$K$ (resp. ) , $\vee K$ (resp. $\wedge K$ )
. $[a, b]:=\{y\in Y:a\leq y\leq b\}(=(a+S)\cap(b-S))$ (an
order interval) . $x\leq y$ $x\neq y$ , $x<y$ .
$f,$ $g$ : $Xarrow Y$ $F$ , $x\in X$ $f(x)\leq g(x)$ , $f\leq g$
. $f,$ $g$ : $Xarrow Y$ , $(-\infty, f],$ $[g, \infty),$ $[g, f]$ : $Xarrow$
$2^{Y}$ $F$ $(-\infty, f](x)=f(x)-S,$ $[g, \infty)(x)=g(x)+S,$ $[g, f](x)=[g(x), f(x)]$ ,
$x\in X$ , . , [3] [8] .
2
Borwein-Thera [2] ([1], [7] ) $X$ $Y^{5}$
$f:Xarrow Y$ (Borwein-Penot-Thera ) (lower
semi-continuous) , $(-\infty, f]:Xarrow 2^{Y}$
( , $Y$ $U$ $\{x\in X:(-\infty, f](x)\cap U\neq\emptyset\}$
) , $f$ : $Xarrow Y$ (Borwein-Penot-Thera )
, $-f$ . , $Y=$ Co $(Z)$
$f$ : $Xarrow Y$ , Gutev- - [4]
, Borwein-Penot-Thera
.
2.1. $X$ , $Y$ , $S=\{y\in Y:y\geq 0\}$ ,
$f$ : $Xarrow Y$ . , 6.
(1) $f$ (Borwein-Penot-Thera ) (resp.
$)$ .
(2) $x\in X$ $Y$ $V$ , $x$ $G$
$\forall x’\in G$ , $f(x’)\in f(x)+V+S$
$($resp. $f(x’)\in f(x)+V-S)$
.
(3) $x\in X$ $Y$ $V$ , $x$ $G$
$\forall x’\in G$ , $f(x)-f(x)\wedge f(x’)\in V$
$($ resp. $f(x)\vee f(x’)-f(x)\in V)$
.
5 ‘an ordered topological vector space Y’ .
$6(1)\Leftrightarrow(2)$ , [1], [2], [7] ‘an ordered topological vector space $Y$ ’ ,
.
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, $Y$ , (1) (4) .
(4) $x\in X$ $\epsilon>0$ , $x$ $G$
$\forall x’\in G$ , $\Vert f(x)-f(x)\wedge f(x^{l})\Vert<\epsilon$
$($ resp. 1 $f(x)\vee f(x’)-f(x)\Vert<\epsilon)$
.
, $Y=C_{0}(Z)$ , (1) (5) .
(5) Gutev- - [4] $f$ (resp. ), ,
$x\in X$ $\epsilon>0$ , $x$ $G$




. , , (3)
.
3 1: Duality Theorem
$X$ , $Y$ . $h,$ $g$ : $Xarrow Y$
$[g, h]$ : $Xarrow 2^{Y}$ , $\varphi$ : $Xarrow 2^{Y}$
$\vee\varphi,$ $\wedge\varphi$ : $Xarrow Y$ .
, , ,
, .
3.1 (Penot-Thera, [7]). $X$ , $Y$ , $h$ : $Xarrow Y$
, $g$ : $Xarrow Y$ $g\leq h$
, $[g, h]$ : $Xarrow 2^{Y}$ .
Gutev- - $C_{0}(Z)$ $c_{0}(\kappa)$ , ,
([4, 26
28] $)$ . , $C_{0}(Z)$ $c_{0}(\kappa)$ ,
.
3.2. $X$ , $Y$ . $g$ : $Xarrow Y$
, $h$ : $Xarrow Y$ $g\leq h$ , $x\in X$
$[g(x), h(x)]$ , $[g, h]$ : $Xarrow 2^{Y}$ $F$
.
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, 3.1 , Gutev- - [4, 2.6 (4)]
.
$Y$ , $\{y_{\alpha}\}_{\alpha\in\Gamma}$ $\bigwedge_{\alpha\in\Gamma}y_{\alpha}=0$
$0$ , Dini ([1], [2]).
, $l_{1},$ $c_{0}(\kappa)$ Dini . , Dini
, 1 $|$ (order continuous) .
3.3. $X$ , $Y$ Dini .
$\varphi$ : $Xarrow 2^{Y}$ , $x\in X$ $\vee\varphi(x)$ (resp. $\wedge\varphi(x)$ )
, $\vee\varphi$ (resp. $\wedge\varphi$ ) $:Xarrow Y$ (resp. )
.
$Y$ Dini ’ . , $\varphi$ :
$[1, \omega]arrow 2^{l_{\infty}}(\varphi(n)=\{e_{i}:1\leq i\leq n\}(1\leq n<\omega),$ $\varphi(\omega)=\{e_{i}:1\leq i<\omega\}$ ;
, $e_{n}\in l_{\infty}$ $|$ , $e_{n}(n)=1,$ $n\neq m$ $e_{n}(m)=0$ ) ,
$\vee\varphi$ : $[1, \omega]arrow l_{\infty}$ .
3.4. $X$ , $Y$ , $S=\{y\in Y:y\geq 0\}$
. $\varphi$ : $Xarrow 2^{Y}$ , $x\in X$ $\vee\varphi(x)$ (resp.
$\wedge\varphi(x))$ . $Y$ Dini ,
$(*)a_{1},$ $a_{2}\in S\cap U$ $a_{1}\vee a_{2}\in U$ ’ $U$
, $\vee\varphi$ (resp. $\wedge\varphi$ ) $:Xarrow Y$ (resp. ) .
‘ $(*)$ ’ . , $\varphi$ : $[1, \omega]arrow 2^{l_{1}}(\varphi(n)=$
$\{(2^{-i+1}+n^{-1})e_{i}:1\leq i\leq n\}(1\leq n<\omega),$ $\varphi(\omega)=\{2^{-i+1}e_{i}, 0:1\leq i<\omega\}$ ;
, $e_{n}\in l_{1}$ , $e_{n}(n)=1,$ $n\neq m$ $e_{n}(m)=0$ ) ,
$\vee\varphi$ : $[1, \omega]arrow l_{1}$ .
4 2:
$X$ , $Y$ . $h$ : $Xarrow Y$
$g$ : $Xarrow Y$ $g\leq h$
$f:Xarrow Y$ $g\leq f\leq h$ , $(X, Y)$ (an
insertion property) . ,
; $X$ $(X, \mathbb{R})$
( 1.2); $X$ ,
$Y$ $(X, Y)$ (Borwein-The’ra [2],
$[6])^{7};X$ $\leq\kappa$ , $(X, c_{0}(\kappa))$
7‘ $X$ , $Y$ $(X, Y)$ ’
[2], [6] . $($ , )
, 21 2 .
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$Y$ , $S=\{y\in Y:y\geq 0\}$ . .
$(*1)_{\kappa}$ $\{e_{\alpha}:\alpha<\kappa\}\subset S$ $U$ :
$\{e_{\alpha}+U+S:\alpha<\kappa\}$ $Y$
$(*2)_{\kappa}\alpha<\beta$ $e_{\alpha}<e_{\beta}$ $\{e_{\alpha}:\alpha<\kappa\}\subset S$ $U$
:
$\forall y\geq e_{0}\exists\alpha<\kappa s.t$ . $(e_{\alpha}+S)\cap(y+U)=\emptyset$
$(*3)_{\kappa}\alpha<\beta$ $e_{\alpha}<e_{\beta}<d_{\beta}<d_{\alpha}$ $\{d_{\alpha}, e_{\alpha}:\alpha<\kappa\}\subset S$
$U$ :
$\forall y\in[e_{0}, d_{0}]\exists\alpha<\kappa s.t$. $((e_{\alpha}+S)\cap(y+U)=\emptyset or (d_{\alpha}-S)\cap(y+U)=\emptyset)$
, $l_{p}(\kappa)(1\leq p<\infty),$ $c_{0}(\kappa)$ $(*1)_{\kappa}$ . $C_{0}(\kappa)$ $F$ $(*2)_{\kappa}$ ,
$l_{p}$ $(1\leq p< oo)$ , $c_{0},$ $c$ $(*2)_{\omega}$ . $c$ $(*3)_{\omega}$ .
4.1. $X$ , 8.
(1) $X$ $\kappa$ - .
(2) $Y$ $w(Y)\leq\kappa$ , $(X, Y)$
.
(3) $(*3)_{\kappa}$ $(X, Y)$
.
4.2. $X$ , 9.
(1) $X$ $\leq\kappa$ .
(2) $Y$ $w(Y)\leq\kappa$
, $(X, Y)$ .
(3) $(X, c_{0}(\kappa))$ .
(4) $1\leq p<\infty$ , $(X, l_{p}(\kappa))$ .
$8(1)\Leftrightarrow(2)$ , , Borwein-Thera [21, [6] .
9(1) $\Leftrightarrow(3)$ Gutev- - [4] .
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(5) $Y$ $(*1)_{\kappa}$ $(X, Y)$
.
$(*2)_{\kappa}$ $Y$ , $X$
. 4.1 42 ,
.
43. $X$ , .
(1) $($ [2], [6] $)$ $X$ ,




44. $X$ , .
(1) $X$ , (X, c)
.
(2) 10 $X$ , $1\leq p<\infty$
$(X, l_{p})$ , , $(X, c_{0})$ .






[1] J. M. Borwein, J. P. Penot and M. Thera, Conjugate convex operators, J.
Math. Anal. Appl. 102 (1984), 399-414.
[2] J. M. Borwein and M. Th\’era, Sandwich theorems for semicontinuous opem-
tors, Canad. Math. Bull. 35 (1992), 463-474.
[3] R. Engelking, General Topology, Revised and completed edition, Heldermann
Verlag, Berlin, 1989.
$1$
Co , Gutev- - [4] .
71
[4] V. Gutev, H. Ohta and K. Yamazaki, Selections and sandwich-like properties
via semi-continuous Banach-valued functions, J. Math. Soc. Japan 55 (2003),
499-521.
[5] M. Kat\v{e}tov, On real-valued functions in topological spaces, Fund. Math. 38
(1951), 85-91. Correction: Fund. Math. 40 (1953), 203-205.
[6] H. Ohta, An insertion theorem characterizing paracompactness, Topology
Proc. 30 (2006), 557-564.
[7] J. P. Penot and M. Thera, Semi-continuous mappings in general topology,
Arch. Math. 38 (1982), 158-166.
$[$8 $]$ H. H. Schaefer with M. P. Wolff, Topological Vector Spaces, Second edition,
GTM 3, Springer, 1999.
[9] H. Tong, Some characterizations of normal and perfectly normal spaces, Duke
Math. J. 19 (1952), 289-292.
72
